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Chi-squared Analysis of Solar Neutrino Parameters at DUNE
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ABSTRACT

Neutrinos are one of the most mysterious and least understood particles in nature, they come in
three different flavors that oscillate as they travel through space. Neutrino oscillations were the first
conclusive evidence of physics beyond the standard model, and understanding them is highly relevant
to some of the big open questions in physics like why the universe is dominated by matter over anti-
matter. The Deep Underground Neutrino Experiment (DUNE) is optimized for atmospheric neutrino
oscillations, but its sensitivity to solar oscillation parameters is less studied. In this project, we tested
how sensitive DUNE could be to the solar mixing angle 615 and the mass-squared difference Am3,.
Using simulated flux data, interaction cross sections, and oscillation probabilities obtained from nu-
merically solving Schrodinger’s equation, we created expected event spectra. We then performed a
chi-squared analysis to compare expected events for different parameter values. Our results show that
DUNE cannot constrain solar parameters as tightly as solar experiments, but it is a good consistency
check.

1. INTRODUCTION

Neutrinos are the most abundant particles with mass in the universe, yet they are one of the hardest to detect.
They are so elusive because of their extremely small mass and neutral electric charge, which makes it so they hardly
interact with anything. Although they are so hard to detect, they have led to the only conclusive evidence of physics
beyond the Standard Model, one of the most successful theory in physics. The Standard Model predicts that neutrinos
are massless, but the observation of neutrino flavor oscillation directly implies that they have mass. To explain this
phenomenon, we must first note that there are three types of neutrinos, each corresponding to a heavier, charged
particle (called a lepton) in the standard model: the electron neutrino, the muon neutrino, and the tau neutrino.
Oscillation is the process in which a neutrino is created as one of these flavors but is detected as a different one after
it has traveled through space. Improving our understanding of these oscillations is helpful in answering fundamental
questions in physics, such as what role neutrinos played in the evolution of the early universe and whether could help
explain why our universe is dominated by matter over antimatter.

The Deep Underground Neutrino Experiment! (DUNE) at Fermilab is an upcoming experiment designed to study
neutrino oscillations. DUNE will produce a high intensity neutrino beam and send it from Fermilab to a gigantic
detector 1300km away at the Sanford Underground Research Facility in South Dakota. The specifications of DUNE
are designed to precisely measure an oscillation parameter linked with atmospheric neutrinos. They will also allow
measurement of a parameter called the CP-violating phase, which plays an important role in understanding the
dominance of matter over antimatter.

In this project, we focus on testing the sensitivity of the DUNE experiment to a different oscillation parameter asso-
ciated with neutrinos produced by the sun, rather than atmospheric neutrinos. Solar neutrino oscillation is primarily
studied in experiments with low neutrino energies traveling very long distances (approximately one astronomical unit).
However, it is important to test the sensitivity of DUNE to this parameter to compare with our existing understanding
of neutrino behavior. We do this by computing the theoretical number of neutrinos that would be detected at Sanford
Lab for different values of the solar neutrino oscillation parameters. We group the number of detections into different
energy intervals or bins, and analyze how the total number of detections varies per bin using a Chi-squared analysis.
Our results show that DUNE is not highly sensitive to variations in the solar parameters, but the analysis is a useful
consistency check with existing solar neutrino experiments.
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2. BACKGROUND

In order to compare the expected number of neutrinos to our chosen value of the solar neutrino parameters, we first
have to produce an event spectrum, which is the differential number of events with respect to energy:

AN d®,, o,

aE ~ Cag Deow + g Peon)on M

Consider some flavor . For this flavor, the terms in Eq. (1) are as follows: dfg" is the differential neutrino flux,
P,_,, is the oscillation probability for a neutrino produced as flavor o to be detected as a muon neutrino, and o, is
the interaction cross section for a muon neutrino with argon (the target material of DUNE’s detector). These are all
terms that we can find or compute, and they allow us to calculate the total number events by integrating over the

range of neutrino energies:
N = / d—NdE. (2)
dE
In order to get a better physical understanding of each component and where it comes from, we break down each of
the terms in Eq. (1).

. . . do,,
2.1. Differential neutrino flur: =z

The neutrino flux is the number of neutrinos of a particular flavor o per unit area, per unit time. The differential
flux is how this number changes with the neutrino’s energy. Given that DUNE will likely not be operational until 2028
, this data comes from simulations . Additionally, in this project we use what is called the ”time-integrated” flux,
which allows us to hide the unit of time and consider the flux with another unit. Namely, instead of time we consider
the number of protons that are used in the process of producing the neutrino beam.

2.2. Clross section: o,

In particle physics, when considering the cross section of an interaction, you can think of it as the probability of
that interaction occurring. In this case, we are looking at the cross section of a muon neutrino interacting with an
Argon atom. Again, this is because the detector at Sanford Labs is going to consist of Argon, and the only flavor of
neutrinos it can detect are muon neutrinos (and muon antineutrinos). Similarly to the flux, this value depends on the
energy of the neutrino, and the data can be found online.

2.3. Oscillation probability: P,_,

This is the most nontrivial term to obtain, and one that can be computed by solving the Schrodinger equation for
neutrino flavor states. The key idea behind neutrino oscillations is that besides having three flavor states, there are
also three neutrino mass states labeled vy, 15, 3, and each of the three flavor states is a linear combination of these
three mass states, i.e.,

3
|Va) :ZUai|Vi>- (3)

Where the coefficients U,; are elements of a unitary (i.e. UTU = I ) matrix called the PMNS matrix:

1 0 0 C13 0 Slge_ié c12 S12 0
U=10 co3 593 0 1 0 —s12 ¢c12 0] (4)
0 —S823 C23 _313ei5 0 C13 0 0 1

where we use the notation ¢;; = cosf;; and s;; = sinf;;. The indices of these so called mizing angles are crucial,
because each of the angles, 012, 613, and 653, is half of the picture when we talk about oscillation parameters. For this
project, the one that we are interested in is 02, which you can find in the farthest right matrix in Eq. (4). This is the
mixing angle associated with solar neutrino oscillations, and part of the purpose of this project is to see how sensitive
DUNE might be to this angle. For context, the angle DUNE is most focused on is 023, which appears in the leftmost
matrix of U and characterizes atmospheric neutrino oscillations.

If you combine Eq. (3) and Eq. (4), we see that this is a change of basis from the neutrino mass basis to the flavor
basis. We can multiply together all the matrices that form U and show this explicitly:
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_ _ i i
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For example, an electron neutrino written in the mass basis is:
—i6
[ve) = cracaz 1) + si2c13|v2) + size™ " [vg) . (6)

Now we can write the equation we are trying to solve. It looks slightly different from the standard Schrodinger
equation because we solve it in terms of distance rather than time. This is valid because we consider the ultra
relativistic limit (so # & ¢t) and are working with natural units so we set ¢ = 1:

. d
i () = H |v(x). (7)

In the mass basis, the Hamiltonian is relatively simple. It ends up being the masses (corresponding to each mass
2

state, for example, m1 corresponds to v ) squared along the diagonal and a factor of ﬁ Formally, % is the eigenvalue
associated with the mass eigenstate v;. So this just looks like:

1 m2 0 0
Hmass = ﬁ 0 m% 0 (8)
0 0 m?

However, because Hamiltonians are only defined up to an overall phase (i.e. we can add multiples of the identity

2
matrix without changing the physics), we can write this in the more conventional way by subtracting Hqss — %I :

1 0 O 0
Hmass =510 Am2 0 ) (9)
2F 21
0 0 Amj

where the Am?, terms are defined as the difference between the squared masses, so Am?, = m? —m?.
What we are really interested in though is the Hamiltonian in the flavor basis, because we ultimately want to see
the time evolution of flavor states. Fortunately, this is not too bad since, if you recall, we already have a matrix to

change between flavor and mass bases: the U matrix we saw before (formally called the PMNS matrix).

Hﬂavor = UHmass UT~ (10)

We still have one more effect that we can not neglect, and it comes from the fact that the neutrinos are traveling
through matter (the earth’s crust). The electron neutrino has a unique interaction that the other two flavors don’t
have that makes it so that you have to add an additional term to the Hamiltonian. This term is called the ”matter
potential”. We can fairly approximate it is constant through the earth’s crust and just add a constant term to our
Hamiltonian:

A0O
Hﬂavor = UHrnass UT + 00O0]|- (11)
000

Now we have the effective Hamiltonian for the flavor basis and we can solve Eq. (7) numerically, and the resulting
matrix lets you find the oscillation probability between any two flavors as a function of energy and distance. For our
case, we care about P,_,,(E,z). And since we know x = 1300km for the DUNE experiment, we can find P,_,,(E)
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3. METHODS
3.1. Differential neutrino fluz:

The initial approach to gather the neutrino flux was to obtain it directly from existing, updated simulation data.
However, due to noticeable statistical fluctuation and limited statistics, we chose to recreate an existing plot. We used
a digital tool to turn plot data into tabular data. Fig. (1) shows how the recreated data compares to the original plot.

DUNE Fluxes (recreated from WebPlotDigitizer)
10

11
—10 rrrr 1 rrr 113
'5 DUNE Simulation .
o ~Vu _YP ] — . Y
— 10 5 _‘I‘ \\. .
o 10 92 1g10
-C—> 3 [ \ . Ve
X P
: 109 : 10° _m.-_
> s
NQ 10% NE 108 -f\\\\

O 2 4 6 8 10 10? E

Neutrino energy (GeV) 2 2 6 8 10
Energy (GeV)

Figure 1. (Left) Official DUNE neutrino fluxes plot (Right) Recreated DUNE fluxes using WebPlotDigitizer

In order to use the data, we first had to create an interpolation. Interpolating made the data easier to use for future
calculations. Since we recreated histogram data as a scatter plot, we could not directly interpolate and first had to
smooth the data. We do this by applying a Savitzky-Golay filter to smooth the data, then interpolating the smoothed
data. as shown in Fig. (2)

Muon Neutrino Flux Interpolation vs. Original " Electron Neutrino Flux Interpolation vs. Original
T 10 T
: Original Data | Original Data
: — Interpolation — Interpolation
' -=- 0.5 GeV -=- 0.5 GeV
10]D <4
5 B
a 10]0 4 a
S S
— = 10%
x x |
- -
=1 3 i
3 3
] o 1084
o o
E E
= =
v g » 1
> 10 £
lo? 4
] ]
L T r r T 106 +—1 T T r T
0 2 4 6 8 10 0 2 4 6 8 10
Energy (GeV) Energy (GeV)

Figure 2. (Left) Muon neutrino flux Akima interpolation after smoothing using a Sav-Gol filter. (Right) Electron neutrino
flux interpolation after smoothing by same methods.

3.2. Cross section:

The muon neutrino-argon cross section data comes from the General Long Baseline Experiment Simulator®*
(GLoBES). The data was a table of cross sections as a function of energy. Similar to the flux, we interpolate our
data, but in this case no smoothing was required.

Additionally, we needed to consider that DUNE will deploy a 40 kiloton argon detector. So we multiply our cross
section by the total number of argon atoms at the far detector as an overall factor. This corresponds to about
2.4088 - 1034 argon nuclei.
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Figure 3. Cross section plot of a muon neutrino on an argon atom from GLoBES data and interpolation.

3.3. Oscillation probability:

To obtain the oscillation probabilities, we numerically solved Eq. (7) using solve_ivp from SciPy. The Hamiltonian
was created as described in the background section, and the solver ran over 200 iterations between x = 0 to x = 1300km.
Giving us Py, (E). Fig. (4) shows what the solution looks like. These plots describe the probabilities of a neutrino
starting out as one flavor may oscillated into another flavor as it travels 1300km as a function of energy. We note that
only neutrinos that were initially electron neutrinos or muon neutrinos are plotted, as these are the only two flavors
that can be produced at the beam. We also observe that we are most interested in the orange line in each plot which
describes the probability that a neutrino oscillates (or remains) as a muon neutrino. In both plots, we begin at an
energy of 0.5 GeV because the oscillation probability formulas begin to break down at low energies.

Probability

Electron Neutrino Oscillation Probabilities in Matter

H
I
1
0.8
1
1
1
1
0.6 4 : — Py,
: == Py_-y, (Probability to change into muon)
| — Py
1
0.4 I -=- 0.5 GeV
]
1
i
0.2
1
W
0.0 1
1 T T T T
0 2 4 6 8 10

Energy (Gev)

Probability

Muon Neutrino Oscillation Probabilities in Matter
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<=
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|
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Figure 4. (Left) The probabilities of an (initially) electron neutrino to be detected as a different flavor as a function of energy
after traveling from the neutrino beam to the detector. (Right) The same as the left plot, but with a the initial neutrino flavor
being a muon neutrino.
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3.4. FEvent spectrum:

We multiply all the above components together and create an event spectrum. Shown below in Fig. (5). This is the
event spectrum for the currently accepted solar parameters.

The final step before we can iterate over different values of the solar parameters and begin analyzing our data is to
turn the differential event spectrum into a total number of events, grouped into bins. This is to reflect the way the
detector actually collects data. In Fig. (5) you can see the histogram where we integrated over different energy ranges
to get the total number of events per energy range. This histogram is how we will run our chi-squared analysis.

Now, we iterate over different values of 12 and Am3,. For each, we create distinct bins to perform a x? analysis.
The x? value,

tells us how well the number of events in each energy bin (N;) matches the bins created when using the accepted
value (E;). The value o; represents the statistical uncertainty in each bin. We use the standard statistical uncertainty,
and set 0; = /F;.
In our analysis, we choose the accepted values from NuFit? as chc) = 0.588 (radians) and Am?éaec) = 7.49-107° eV?.
To test the dependence of the integrated event spectrum on each parameter individually, We perform the x? test for
us

20 evenly spaced points in the range 612 € [0, %] and Ami, € [0,15-1075]. To test both simultaneously we use the

same ranges, and create a 20 x 20 heat map from 400 chi-squared tests.

4. RESULTS
4.1. Integrated event spectrum for accepted parameters

Fig. (5) shows what the integrated and binned event spectrum looks like using the accepted values from NuFit. We
notice peaks at the [0.5,1.5] GeV bin and [3.5,4.5] GeV bin, which corresponds to the peaks of the muon neutrino
survival probability.

) Integrated Event Spectrum Using Accepted Values
Event Spectrum Using Accepted Values

400 -

3000 | 350 A

2500 A 300 1
4

z T 2501
& 2000 Z
] h=1

o £ 200
2 1500 | 2
[ = o
[0 ¥

& £ 150 A

1000 A
100 +

500
50 +

T T T T 0-
2 4 6 8 10
Energy (GeV) Energy Bin (GeV)

Figure 5. (Left) The differential event spectrum as described by Eq. (1). (Right) The event spectrum integrated over distinct
energy bins to more closely recreate how detectors collect data.

4.2. Varying 612

Fig. (6) shows a plot of our chi-squared curve as a function of sin?(f2) to match the observable. We see that DUNE
does not constrain the values of 615 well and is particularly weak for small values .
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Figure 6. The chi-squared curve created from varying 612 between [0, 5]. We use sin?(0) as this is the actual observable rather
than theta itself.

163 4.3. Varying Am3;

164 Fig. (7) shows our plot of the chi-squared curve as a function of Am2;. We again find that it is constrained weakly,
15 but it is better constrained than 615.

x? Dependence on AmZ, (6,, Fixed)

12
'y ——- Accepted Am}; = 7.49 x 1075 *

10 A

Am2, [107%eV?]

Figure 7. The chi-squared curve created from varying Am3;, between [0,15-107° eV?].



166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

183

184

185

186

187

188

189

190

191

4.4. two parameter chi-squared test

Finally, Fig. (8) is a heatmap where we varied both solar oscillation parameters. We can see some of the constrained
regions as well as the large regions that DUNE can not constrain, highlighting its limited sensitivity.

x? heatmap

Accepted value: 8;; = 0.588, Am3; = 7.49 x 107°

61z [rad]

0 2 4 6 8 10 12 14
Am3, [107° ev?]

Figure 8. The Chi-squared heat map created by varying both 612 and Am2;, making a 20 x 20 grid with 400 iterations.

5. DISCUSSION

Our analysis shows that DUNE has little sensitivity to the solar oscillation parameters. This is consistent with
expectations, as DUNE is optimized for atmospheric oscillations. The chi-squared tests show that the variations of
the parameters do not lead to strong variations from our accepted data.

There are several limitations in the analysis. First, we assumed perfect energy resolution, meaning the detector can
distinguish perfectly between any arbitrarily close energies. This is not realistic and will be accounted for in future
work. Similarly, our analysis does not account for detector noise and backgrounds, which would change the shapes of
the event spectra. Including these effects would give a more realistic picture of DUNE’s sensitivity.

Another point of interest is the x? dependence on 6;5. Although the graph is consistent with our expected low
sensitivity, the shape of the graph will require further analysis. Future work will clarify if this behavior is expected.

6. CONCLUSION

In this project, we tested DUNE’s sensitivity to variations of the solar neutrino oscillation parameters. We created
an event spectrum, calculated the predicted number of events across different energy bins, and used these data to
perform a chi-square analysis.

We found that DUNE has limited sensitivity to solar parameters relative to solar experiments. However, DUNE
can still test these parameters and give a valuable consistency check under different conditions than those of solar
experiments.

Future work would involve including more detector effects and understanding the chi-squared dependence on 615.
This will give us a more realistic picture of DUNE’s sentitivity to solar neutrino oscillations.
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